A unit-preserving and completely positive linear map, or a channel, Λ :
I. INTRODUCTION
A quantum channel Λ is called entanglement-breaking (EB) if Λ tensored with the identity on any state space maps any entangled state to a separable state. In Ref. 1 a finite-dimensional channel is EB if and only if n copies of the channel have a joint channel for all 2 ≤ n < ∞. The proof in Ref. 7 is based on an upper bound 8 on the diamond norm distance that explicitly depends on the dimension of the system and is not applicable to the infinite-dimensional case.
The purpose of this paper is to generalize these characterizations of the EB condition to the case of channels with (possibly non-separable) quantum input spaces and with general outcome operator algebras. The main finding of this paper is Theorem 2, which, roughly speaking, establishes the equivalence of the following conditions for a channel Λ with quantum input and operator algebraic outcome spaces:
(i) Λ is EB;
(ii) Λ has a measurement-prepare form;
(iii) n-copies of Λ are compatible for all 2 ≤ n < ∞;
(iv) countably infinite copies of Λ are compatible.
The equivalence of the first three conditions generalizes known results in finite-dimensions, that the supremum or infimum of any randomization-increasing or decreasing net of normal EB channels with a fixed input von Neumann algebra is also EB (Theorem 4).
II. PRELIMINARIES
This section introduces mathematical preliminaries needed in the main part and fixes the notation. For general references of operator algebra we refer to Refs. 9 and 10.
A. States and channels on operator algebras
Throughout this paper every C * -algebra A is assumed to have a unit element which we write as 1 A . For a C * -algebra A, a positive and normalized linear functional φ ∈ A * is called a state on A. We denote by S(A) the set of states on A, which is a compact convex subset of the dual space A * in the weak- * topology σ(A * , A). We also denote by S p (A) the set of pure states on A. Since S p (A) coincides with the set of extreme points of S(A),
the Krein-Milman theorem implies that S(A) = co(S p (A)), where co(·) denotes the closed convex hull in the weak- * topology. For a Hilbert space H, L(H) and 1 H denote the algebra of bounded linear operators and the unit operator on H, respectively. We also write the inner product of a Hilber space H as ξ|η (ξ, η ∈ H), which is linear and anti-linear with respect to η and ξ, respectively.
A channel (in the Heisenberg picture) is a unit-preserving and completely positive (CP) map Λ : A → B between C * -algebras A and B. The algebras A and B are called the outcome and input spaces, or algebras, of Λ, respectively. In the Schrödinger picture, an input state φ ∈ S(B) is mapped to the outcome state Λ * (φ) = φ • Λ ∈ S(A). For C * -algebras A and B, the set of channels from A to B is denoted by Ch(A → B).
A channel Λ ∈ Ch(M → N ) between von Neumann algebras M and N is called normal if Λ is continuous with respect to the σ-weak topologies of M and N , respectively. The set of normal channels from M to N is denoted by Ch σ (M → N ). A normal channel with a commutative outcome von Neumann algebra is called a quantum-classical (QC) channel.
Let Λ ∈ Ch(A → A in ) and Γ ∈ Ch(B → A in ) be channels with the common input space A in . We define the randomization (or coarse-graining or concatenation) relations 7, 11 for channels as follows:
• Λ CP Γ (Λ is a randomization of Γ) :
def.
⇔ there exists a channel α ∈ Ch(A → B) such that Λ = Γ • α;
• Λ ∼ CP Γ (Λ is randomization-equivalent to Γ) :
⇔ Λ CP Γ and Γ CP Λ.
The relations CP and ∼ CP are binary preorder and equivalence relations, respectively, defined on the class of channels with a fixed input algebra. In the above definition, if A, B,
and A in are von Neumann algebras and Λ and Γ are normal, Λ CP Γ if and only if there exists a normal channel α ∈ Ch σ (A → B) such that Λ = Γ • α.
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Let A be a C * -algebra and let π A : A → L(H A ) be the universal representation of A, which is the direct sum of the Gelfand-Naimark-Segal (GNS) representations of all the states on A. The von Neumann algebra π A (A) ′′ , where the prime denotes the commutant, generated by π A (A) is called the universal enveloping von Neumann algebra of A. The algebra π A (A)
′′
is isometrically isomorphic to the double dual space A * * and we identify π A (A) ′′ with A * * .
By identifying A with π A (A), we also regard A as a σ-weakly dense C * -subalgebra of A * * .
Let A be a C * -algebra and let M in be a von Neumann algebra. Then any channel Λ ∈ Ch(A → M in ) uniquely extends to a normal channel Λ ∈ Ch σ (A * * → M in ) which we call the normal extension of Λ. 11 The normal extension Λ is the least normal channel that upper bounds Λ in the randomization order CP . Namely, Λ CP Λ and for any normal such that (Ω, Σ) is a measurable space, i.e. Σ is a σ-algebra on a set Ω, and M : Σ → L(H) is a map satisfying
A POVM describes the classical outcome statistics of a general quantum measurement. For a measurable space (Ω, Σ), we denote by B(Ω, Σ) the set of bounded, complex valued, Σ-measurable functions on Ω, which is a commutative C * -algebra under the supremum norm
Let Ω be a compact Hausdorff space. We denote by C(Ω) and B(Ω) the commutative C * -algebra of bounded complex-valued continuous functions on Ω and the Borel σ-algebra generated by the set of open subsets of Ω, respectively. A POVM (Ω, B(Ω), M) on a Hilbert space H is called regular if
is a regular complex measure for any ξ, η ∈ H. According to the Riesz-Markov-Kakutani representation theorem we have a one-to-one correspondence
between the state space S(C(Ω)) and the set M +,1 (Ω) of regular probability measures on Ω such that
A similar representation theorem also holds for channels as follows.
Proposition 1 (Ref. 14, Theorem 4.4). Let Ω be a compact Hausdorff space and let H be a Hilbert space. Then for any channel Γ ∈ Ch(C(Ω) → L(H)) there exists a unique regular
C. Tensor products
Let A and B be C * -algebras. We denote the algebraic tensor and the injective C 
By the inductive limit procedure, we can also define the injective C * -tensor product of infinite number of C * -algebras. 15 In this paper we only need the countably infinite tensor product A ⊗∞ of identical C * -algebras, which is defined as follows. For each C * -algebra A and each integer 1 ≤ n < ∞, we write
For each 1 ≤ m < n < ∞, the representation π n←m :
⊗n is faithful and the family (π n←m ) 1≤m<n<∞ satisfies the consistency condition
Then there exist a C * -algebra A ⊗∞ and faithful
and 1≤n<∞ π n (A ⊗n ) is a norm dense * -subalgebra of A ⊗∞ . Such A ⊗∞ and (π n ) n≥1 are unique up to isomorphism. The C * -algebra A ⊗∞ is called the (countably) infinite injective C * -tensor product of A. The element π n (X) ∈ A ⊗∞ (X ∈ A ⊗n ) and the C * -subalgebra
Let A and B be C * -algebras and let 2 ≤ n < ∞.
where S n is the symmetric group of the finite set {1, . . . , n} and π σ :
The representation π σ (σ ∈ S n ) extends to the representation
is symmetric if and only if the restriction
is symmetric for all 2 ≤ n < ∞.
D. Self-compatibility of channels
for all A ∈ A, i.e. the n marginal channels of Θ are identical to Λ. An n-joint channel Θ of Λ, if exists, can always be taken to be symmetric by retaking Θ as
for all A ∈ A and all 1 ≤ n < ∞.
E. No-broadcasting theorem
Let Λ ∈ Ch(A → A in ) be a channel and let A ⊗ x A be either A ⊗ alg A or A ⊗ A. Then
for all A ∈ A, where a linear map Φ : A ⊗ alg A → B for a C * -algebra B is called a channel if Φ is unit-preserving and CP, i.e.
If Λ has a broadcasting channel Ψ ∈ Ch(A ⊗ A → A) (respectively, Ψ ∈ Ch(A ⊗ alg A → A)), then Λ is called broadcastable in the sense of injective C * -tensor product (respectively, algebraic tensor product).
The following theorem, which is immediate from Corollary 1 of Ref. 16 , is an operator algebraic version of the quantum no-broadcasting theorem and will play an important role in the proof of the main result.
Theorem 1 (No-broadcasting theorem for normal channels). Let Λ ∈ Ch σ (M → M in ) be a normal channel. Then the following conditions are equivalent.
(i) Λ is broadcastable in the sense of algebraic tensor product.
(ii) Λ is broadcastable in the sense of injective C * -tensor product.
(iii) Λ is randomization-equivalent to a QC channel with the input space M in .
For the broadcastability for channels with outcome C * -algebras, we have the following lemma.
Lemma 1. Let A be a C * -algebra, let M in be a von Neumann algebra, and let Λ ∈ Ch(A → M in ) be a channel. Suppose that Λ has a broadcasting channel Ψ ∈ Ch(A ⊗ A → A). 
We define representations π L and π R by
By the universality of the enveloping algebra A * * the representations π L and π R uniquely extend to normal representations
Since π L (A) and π R (A) commute, so do the von Neumann algebras
Thus we can define a representation π :
and similarly Λ • Ψ(1 A * * ⊗ A) = Λ(A). Since the channels
are normal and A is σ-weakly dense in A * * , this implies that Ψ is a broadcasting channel of Λ.
III. SEPARABLE STATES
For C * -algebras A and B and for states φ ∈ S(A) and ψ ∈ S(B), there exists a unique Proof. We can easily see that f is bijective. Since S(A) × S(B) is a compact Hausdorff space, we have only to prove the continuity of f. Let (φ i , ψ i ) i∈I be a net on S(A) × S(B)
B). For subsets X ⊂ S(A) and Y ⊂ S(B), we write
Since the net (φ i ⊗ ψ i ) i∈I is uniformly bounded and A ⊗ alg B is norm dense in A ⊗ B, this To prove the integral representation for separable states, we need some results of barycentric integrals on compact subsets of general locally convex Hausdorff spaces. 17 Let E be a locally convex Hausdorff space and let K ⊂ E be a compact subset. A regular probability
for any continuous linear functional f ∈ E * . By using the Hahn-Banach separation theorem, we can show that such a pointx is, if exists, unique for given µ ∈ M +,1 (K) and called the barycenter of µ. For µ ∈ M +,1 (K), we denote the barycenter of µ by
if it exists.
Proposition 2 (Ref. 17, Proposition 1.2). Let E be a locally convex Hausdorff space and let
K ⊂ E be a compact subset. Then for a point x ∈ E, x ∈ co(K) if and only if there exists a regular probability measure µ ∈ M +,1 (K) that represents x.
From Corollary 1 and Proposition 2 we obtain Corollary 2. Let A and B be C * -algebras. Then for any separable state ω ∈ S sep (A ⊗ B)
there exists a regular probability measure ν ∈ M +,1 (S(A) ⊗ S(B)) such that
Corollary 2 is a C * -algebra version of the integral representation for infinite-dimensional separable density operators obtained in Ref.
2.
In the case of state space on a C * -algebra, the barycentric integral can be generalized to the weakly- * measurable state-valued maps as follows. Let A be a C * -algebra and let
(Ω, Σ, µ) be a probability space. A map Ω ∋ x → φ x ∈ S(A) is called weakly- * measurable
we define the integral state Ω φ x dµ(x) ∈ S(A) by
IV. CHARACTERIZATIONS OF EB CHANNELS
In this section, we give equivalent characterizations of the EB condition for a channel (Theorem 2).
any C * -algebra B and any input state ω ∈ S(A in ⊗ B). We denote by Ch EB (A → A in ) the set of EB channels from A to A in .
In what follows in this section, we fix an input Hilbert space H in , which may be separable or non-separable, and an orthonormal basis (ξ i ) i∈I of H in . We write the set of finite subsets of I as F(I), which is directed by the set inclusion, and for each F ∈ F(I), define P F , H F ,
where |F | denotes the number of elements of F. Since ω F (P F ⊗ P F ) = 1, we can regard ω F as a state in S(L(H F ) ⊗ L(H F )), which we also write as ω F . The state ω F is a maximally entangled state on H F ⊗ H F .
Now we are in a position to prove the main result of this paper:
) be a channel, and let Λ ∈ Ch σ (A * * → L(H in )) be the normal extension of Λ. Then the following conditions are equivalent.
(v) There exists a channel Γ ∈ Ch(C → L(H in )) with a commutative outcome C * -algebra
(vi) There exists a QC channel Γ ∈ Ch σ (M → L(H in )) with a commutative outcome von
Neumann algebra M such that Λ CP Γ.
(vii) (Measurement-prepare form). There exists a POVM (Ω, Σ, M) on H in and a weakly- * measurable map Ω ∋ x → φ x ∈ S(A) such that
Proof. (i) =⇒ (ii)
. Assume (i) and take a C * -algebra B and a state ω ∈ S(L(H in ) ⊗ B).
, which implies (ii).
(ii) =⇒ (i). Assume (ii) and take a C * -algebra B and a state ω ∈ S(A in ⊗ B). From 
is a state on L(H in ) ⊗ B by Proposition 1.5.2 of Ref. 10 . Thus by the assumption we have
, which implies (i).
(ii) =⇒ (iv) is obvious.
(iv) =⇒ (v). Assume (iv). For each F ∈ F(I), we define Λ F ∈ Ch(A → L(H F )) by
. Therefore by Corollary 2 there exists a regular probability
For each Borel set E ∈ B(S(A)), we define a positive linear functional ϕ E ∈ L(H F ) * by
We write ϕ := ϕ S(A) , which is a state on L(H F ) given by
Then the RHS of (2) is a GNS representation of ϕ. Furthermore, by the σ-additivity of ν F , the map B(S(A)) ∋ E → ϕ E (B) ∈ C is also σ-additive for all B ∈ L(H F ). Therefore application of the Randon-Nikodym theorem for CP maps (e.g. Theorem III.1 of Ref . 18) to ϕ ∈ Ch(L(H F ) → C) yields that there exists a unique POVM (S(A), B(S(A)), M F ) on
We define channels α ∈ Ch(A → C(S(A))) and
Then for each i, j ∈ F and each E ∈ B(S(A)),
Hence for each i, j ∈ F and each A ∈ A,
is σ-weakly compact, Tychonoff's theorem implies that there exist a subnet (Γ F (j) ) j∈J and a bounded linear map Γ :
. By the complete positivity of each Γ F , Γ is also CP. From
where σw-lim denotes the σ-weak limit, we have
where we used P F BP F σ-strongly 
If we define φ x ∈ S(A) by φ x (A) := β(A)(x) (A ∈ A) for each x ∈ Ω, the map Ω ∋ x → φ x ∈ S(A) is weakly- * measurable. Moreover for each A ∈ A
which implies (vii).
(vii) =⇒ (v). Assume (vii) and take a POVM (Ω, Σ, M) on H in and a weakly- * measurable map Ω ∋ x → φ x ∈ S(A) satisfying (1). We define channels γ ∈ Ch(A → B(Ω, Σ)) and
Then by the assumption (1) we have
(v) =⇒ (ii). Assume (v) and take channels Γ ∈ Ch(C → L(H in )) and α ∈ Ch(A → C) such that C is commutative and Λ = Γ • α. Then for any C * -algebra B and any state
which proves (ii).
(v) =⇒ (viii). Assume (v) and take channels Γ ∈ Ch(C → L(H in )) and α ∈ Ch(A → C) such that C is commutative and Λ = Γ • α. By the commutativity of C, for each 2 ≤ n < ∞ there exists a channel α n ∈ Ch(A ⊗n → C) such that
(viii) =⇒ (ix). Assume (viii) and take a symmetric n-joint channel Θ n ∈ Ch(A ⊗n → L(H in )) of Λ for each 2 ≤ n < ∞. We write A 0 := n≥1 A ⊗n ⊗ 1 A ⊗∞ , which is a norm dense * -subalgebra of A ⊗∞ , and for each 2 ≤ n < ∞ define a map
Since Ξ n (Y ) ≤ Y for all Y ∈ A 0 and all 2 ≤ n < ∞, by Tychonoff's theorem there exists a subnet (Ξ n(k) ) k∈K such that the σ-weak
and each c 1 , c 2 ∈ C, Θ 0 : A 0 → L(H in ) is a bounded linear map and hence uniquely extends to a bounded linear map Θ ∞ : A ⊗∞ → L(H in ). Then, by the complete positivity of each
. By the symmetry of each Θ n , Θ ∞ is also symmetric. Moreover
From the symmetry of Θ ∞ , Eq. (3) implies that Θ ∞ is a symmetric ω-joint channel of Λ, which proves (ix).
(ix) =⇒ (x) is obvious.
and each 2 ≤ n < ∞, the map
is an n-joint channel of Λ.
and, from Λ CP Θ ∞ CP Θ ∞ , this implies (vi). Thus it suffices to construct a broadcasting channel of Θ ∞ . For each 1 ≤ n < ∞ we define a representation
and B ∞ := 1≤n<∞ B n , which are C * -and * -subalgebras of A ⊗∞ ⊗ A ⊗∞ , respectively. Since ρ n | Bm = ρ m for 1 ≤ m < n < ∞, there exists a representation ρ 0 : B ∞ → A ⊗∞ such that ρ 0 | Bn = ρ n for all 1 ≤ n < ∞. Now we show that
that X j,m − X j → 0 and sup m≥1 X j,m ≤ X j . Then (X 1,m ⊗ X 2,m ) m≥1 is a sequence in B ∞ and satisfies
Therefore B ∞ is norm dense in A ⊗∞ ⊗ A ⊗∞ . Hence ρ 0 uniquely extends to a representation
Then by the symmetry of Θ ∞ , for each 2 ≤ n < ∞ and each
Since n≥1 A ⊗n ⊗ 1 A ⊗∞ is norm dense in A ⊗∞ , this implies that ρ is a broadcasting channel of Θ ∞ , which proves (vi).
(ii) ⇐⇒ (iii) follows from the equivalence (ii) ⇐⇒ (vi) and from that Λ CP Γ if and only if Λ CP Γ for any QC channel Γ.
From the proof of (ix) =⇒ (vi) in Theorem 2, we obtain
has a broadcasting channel Ψ ∈ Ch(A ⊗∞ ⊗A ⊗∞ → A ⊗∞ ). Furthermore the normal extension
of Θ is randomization-equivalent to a QC channel.
V. DEDEKIND-CLOSEDNESS OF EB CHANNELS
In this section we prove that the supremum or infimum of any randomization-monotone net of normal EB channels with a fixed input von Neumann algebra is also EB (Theorem 4). 
For each von Neumann algebra M in we fix such a set CH(M in ) and a map (4). We call CH(M in ) the set of randomization-equivalence classes of normal channels. We define a
which are the sets of equivalence classes of QC and EB normal channels, respectively.
Let (X, ≤) be a partially ordered set (poset). We adopt the following terminology as in
Ref. 19
• A net (x i ) i∈I on X is called increasing (respectively, decreasing) if for i, j ∈ I, i ≤ j
• X is called an upper (respectively, lower) directed-complete partially ordered set (dcpo) if any increasing (respectively, decreasing) net (x i ) i∈I on X has a supremum sup i∈I x i ∈ X (respectively, infimum inf i∈I x i ∈ X).
• A subset A ⊂ X is said to be an upper (respectively, lower) Dedekind-closed subset of X if whenever an increasing (respectively, decreasing) net (x i ) i∈I on A has a supremum sup i∈ x i ∈ X (respectively, infimum inf i∈I x i ∈ X), then sup i∈I x i ∈ A (respectively, inf i∈I x i ∈ A). By Theorem 2, we can write (α < α 0 ) and Λ ∈ Ch(A → L(H in )) such that
• Λ α ∼ CP Λ α (α < α 0 );
• (A α ) α<α 0 is an increasing transfinite sequence of unital C * -subalgebras of A such that α<α 0
A α is a norm dense * -subalgebra of A;
• Λ α is the restriction of Λ to A α (α < α 0 ); Therefore by the equivalence (ii) ⇐⇒ (iii) of Theorem 2, it suffices to show that Λ is EB.
For each α < α 0 , since Λ α is EB, so is Λ α . Hence there exists a symmetric n-joint channel Θ n,α ∈ Ch(A ⊗n α → L(H in )) of Λ α for each 2 ≤ n < ∞. We define a * -subalgebra A n ⊂ A By Tychonoff's theorem, there exists a subnet (Ξ n,α(i) ) i∈I such that the limit Θ ′ n (X) := σw-lim i∈I Ξ n,α(i) (X) exists for all X ∈ A n . Similarly as in the proofs of (viii) =⇒ (ix) and (ix) =⇒ (vi) of Theorem 2, we can show that A n is norm dense in A ⊗n and Θ ′ n uniquely extends to a symmetric channel Θ n ∈ Ch(A ⊗n → L(H in )). Since Finally we consider general M in . We can regard the set CH(M in ) as the lower subset 
